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I discuss folded inflation, an inflationary model embedded in a multi-dimensional scalar potential,
such as the stringy landscape. During folded inflation, the field point evolves along a path that turns
several corners in the potential. Folded inflation can lead to a relatively large tensor contribution
to the Cosmic Microwave Background, while keeping all fields smaller than the Planck scale. I
conjecture that if folded inflation generates a significant primordial tensor amplitude, this will
generically be associated with non-trivial scale dependence in the spectrum of primordial scalar
perturbations.
I. INTRODUCTION
The spectrum of primordial perturbations is unlikely to
be strictly scale invariant or, equivalently, the scalar spec-
tral index, nR, is unlikely to be exactly unity. Conversely,
it is often assumed that nR is itself independent of the
wavenumber k. However, the first year’s data from the
Wilkinson Microwave Anisotropy Probe [WMAP] yielded
two tantalizing hints of scale dependence in the perturba-
tion spectrum: a lack of power at small l and, when com-
bined with other datasets, a weak preference for dnR
d lnk
6= 0
[1]. Any hint that the primordial universe is non-vanilla
[2] is of crucial importance, since this would constrain
both inflation and competing scenarios of the early uni-
verse.
The evidence for scale dependence is tentative. At
small l the data is accurate, but the lack of power may
be due to cosmic variance [3]. Conversely, the apparent
evidence for dnR
d ln k
6= 0 could easily be a statistical artifact
but if dnR
d ln k
is close to the current central value we will
soon know this with some certainty. Even if both effects
are real, they may both be manifestations of the same
underlying physics, or two different phenomena.
It is often said that a substantial value for dnR
d lnk
is
unlikely, since it suggests a significant departure from
smoothness in the inflaton potential. Cosmological mea-
surements probe a small range in k-space, corresponding
to around 10 e-foldings of inflation, and putting a “fea-
ture” in the potential that affects scales inside this narrow
window requires tuning. However, this paper presents a
scenario where scale dependence is not only permissible,
but expected.
My starting point is Lyth’s observation that at high
energies the total excursion made by the inflaton exceeds
the Planck scale [4]. As Lyth points out, this is worrying
if the inflationary potential has a stringy or supergravity
origin: in these models the potential is steep when any
field value exceeds the Planck scale. If the inflation scale
is low (relative to the GUT scale), the inflaton evolves
comparatively slowly, resolving the conundrum. The pri-
mordial tensor spectrum rises with the energy scale, and
Lyth argued that if inflation is consistent with supergrav-
ity the tensor contribution must be very small.
Suppose inflation is driven by several distinct fields,
but only one field is typically evolving at any given time,
so the overall inflationary trajectory follows a path with
several “corners”. We dub this model folded inflation.
On the face of it, folded inflation is extremely contrived.
However, in string theory the potential surface for the
light scalar fields is now thought to be a complicated and
rugged landscape. This is an unknown multi-dimensional
function with as many as 500 scalar degrees of freedom
[5]. The landscape has an exponentially large number of
extrema, and it also has an exponentially large number of
paths . Some small subset of these paths will be suitable
candidates for folded inflation. During folded inflation
the individual fields remain sub-Planckian but the total
change in all the fields may exceed the Planck scale. The
hope is thus that of the huge number of different “down-
hill” paths within the landscape, at least one of them
can drive a cosmologically acceptable period of inflation
without the need for additional tuning.
For folded inflation to work at high scales, Lyth’s ar-
gument forces the presence of several corners during the
last 60 e-folds of inflation. These corners will usually be
associated with significant scale dependence in the per-
turbation spectrum. At a sufficiently high energy scale,
any given 10 e-folding window in the spectrum will almost
certainly contain a corner-induced feature. A similar ar-
gument for a scale-dependent spectrum is presented in
[6, 7]. For folded inflation, dnR
d ln k
6= 0 is thus natural if
inflation occurs at high energy densities.
In what follows, I review the connection between the
evolution of the inflaton and the energy scale, and sum-
marize the perturbation spectra in models with multiple
fields. I show that the spacing between corners in the
inflationary trajectory is correlated with the tensor am-
plitude. If the tensors are readily detectable, folded infla-
tion leads to a significant value for dnR
d ln k
. Without a clear
description of the stringy landscape, the discussion in this
paper is necessarily more qualitative than quantitative.
However, we identify lines of enquiry that will sharpen
our understanding of the inflationary phenomenology of
the overall stringy landscape.
II. THE LYTH BOUND
Lyth’s argument is very simple, and we repeat it here
in the notation of [1]. The scalar (density) and tensor
2perturbations for a single, slowly rolling field are
∆2R =
1
24π2ǫ
V
M4Pl
, (1)
∆2h =
2
3π2
V
M4Pl
, (2)
r =
∆2h
∆2R
= 16ǫ . (3)
Here MPl = 2.43× 1018GeV is the reduced Planck mass,
and ǫ is the first term in the (potential) slow roll expan-
sion,
ǫ =
M2Pl
2
(
V ′
V
)2
, (4)
η = M2Pl
V ′′
V
, (5)
ξ = M4Pl
V ′V ′′′
V 2
. (6)
The scalar and tensor spectral indices are
nR = 1− 6ǫ+ 2η , (7)
dnR
d ln k
= 16ǫη − 24ǫ2 − 2ξ , (8)
nh = −2ǫ , (9)
where, as usual, scale independent spectra correspond
to nR = 1 and nh = 0. The ratio of the tensor and
scalar spectra is correlated with the slope of the tensor
spectrum, leading to the slow-roll consistency condition.
We know the amplitude of density perturbation spec-
trum accurately from WMAP,
∆2R(k0) =
(
5
3
)2
800π2
T 2
A(k0) (10)
where T is the CMB temperature in µK, and k0 is a
fiducial wavenumber. From the 1-Year WMAP data,
∆2R(k0) = 2.95× 10−9A0 ≈ 2× 10−9 . (11)
Since this will be a qualitative discussion we can safely
omit uncertainties. Using the number of e-folds N =
ln(a) as a time variable, dN/dt = a˙/a = H , and in the
slow-roll limit
1
MPl
∣∣∣∣ dφdN
∣∣∣∣ = MPl
∣∣∣∣V
′
V
∣∣∣∣ . (12)
The right hand side of this equation is proportional to√
ǫ and thus
√
r, so
1
MPl
dφ
dN
=
√
r
8
. (13)
During ∆N e-folds, ∆φ is
∆φ
MPl
=
√
r
8
∆N . (14)
For quasi de Sitter expansion, ∆N ∼ ∆ ln k ∼ ∆ ln l,
where l labels the CMB multipole. Consequently, ∆N ≈
7.6 over the range of scales probed by the CMB up to
lmax = 2000, whereas ∆N ∼ 60 over the physically ac-
cessible portion of the inflationary era.
Finding that ∆φ∼>MPl is a significant embarrassment
if we also imagine that the inflationary potential is em-
bedded in a supergravity model, or the stringy land-
scape. The potential acquires significant corrections
when |φ| ∼ MPl, ensuring that V ′/V is large, ruining
the flatness needed to support inflation. If ∆φ∼>MPl, the
field must evolve into a region where the potential has a
substantial slope, telling us that our assumptions are not
mutually compatible.
Lyth argued for a comparatively low value for the ten-
sor amplitude, in order to ensure that inflation is consis-
tent with supergravity. Lyth took the minimal detectable
value of r to be 0.07, and deduced that tensors are prob-
ably forever undetectable. Today we can be more opti-
mistic – with heroic efforts r ∼ 6×10−4 [10] or better [11]
might be possible. For now, the observational bound on
r remains high – r < 0.7 in the 1-Year WMAP dataset
[1]. If we assume that the maximum excursion allowed
for the field is ∆φ ∼ MPl and ∆N = 60 then we have
r∼<0.002, which is well beyond the sensitivity of Planck
[12], but may be possible in the distant future.
III. FOLDED INFLATION
The analysis in the previous section implicitly assumed
that inflation is driven by a single field, but paths in
the stringy landscape can be folded into several different
directions, such that
∑
i |∆φi| > MPl but |∆φi| < MPl.
The full expression for the perturbations produced by
multiple scalar fields is [13]
∆2R =
(
H
2π
)2∑
a
(
∂N
∂φa
)2
(15)
if all the fields have canonical kinetic terms. The index
a runs over all the fields. The tensor amplitude is un-
changed, since it is a function of the overall density. The
consistency condition is now an inequality,
r ≤ 1
8
|nh| . (16)
The inequality is saturated if the field is free to move in
only one direction [14], possibly after a redefinition of the
fields. Consequently, tensor modes are most likely to be
detectable in the CMB if the inflationary potential has
a unique “downhill direction”. The spectral index can
again be written in terms of derivatives of the potential.
To lowest order in the slow roll expansion, nR depends on
a mixture of first and second derivatives, whereas third
derivatives appear in dnR
d lnk
.
Looking at (15) we see why a saddle point in a multi-
field potential is often associated with a dramatic rise in
3the power spectrum [15]. Firstly, near a saddle, a small
change in the field value in the “downhill” direction can
cause a large change in the number of e-folds, leading to a
large value for the relevant derivative in (15). Secondly,
within some region around the saddle point there are
two downhill directions, not one, leading to a further
amplification of the density peturbation spectrum. This
phenomenon is seen in the final phase of locked inflation
[16, 17], where a saddle in the potential leads to large
perturbations over some range of k, with runaway black
hole production in the post-inflationary universe.
Consequently, for folded inflation to produce a realis-
tic cosmology, the functional form of the corners in the
potential must ensure they do not lead to an overpro-
duction of black holes. This is analagous to the tight
constraints on the parameter range open to locked infla-
tion [17]. In principle, one could design a folded inflation
potential with a corner that did not lead to a detectable
dnR
d ln k
signal. However, this is an additional and unnec-
essary constraint as there is no strong phenomenological
reason for stipulating that dnR
d ln k
= 0.
The WMAP team’s analysis of the inflationary impli-
cations of their results [1] included an analysis of inflation
driven by the single–field potential [7]
V (φ) =
m2
2
φ2
(
1 + c tanh
(
φ− φs
d
))
(17)
This is not a multi-field potential, but the best-fit values
of its parameters [1] lead to a spectrum that is clearly
k-dependent. While ǫ remains small, the higher order
slow roll parameters are large, with |ξ| ∼ 100 near φs,
signalling both strong scale dependence and a breakdown
in the slow-roll approximation.
Given that ξ can take on large values over a small
range of field values in the single field case, we expect
that a generic corner in a random folded potential would
correspond to a local feature in the perturbation spec-
trum. This is especially true if we are relying on purely
combinatorial arguments to motivate the existence of a
folded inflation potential embedded in the stringy land-
scape. Since the observational data accommodates a lo-
cally large value of ξ (and its multi-field generalization) as
well as dnR
d ln k
, insisting that the spectrum does not change
significantly as the field point passes through the corner
would amount to an ad hoc and needless tuning.
While folded inflation provides a way out of Lyth’s
constraint on the inflation scale, there is a correlation
between the spacing of corners in the potential, and the
tensor amplitude. Using data from both the CMB and
large scale structure, we can probe the power spectrum
over ∆ ln k ∼ 10. To ensure that the field point does not
turn a corner as these scales leave the horizon, we need
r < 0.08.
This is a conservative bound, since it assumes that the
observable part of the spectrum is exactly matched to
the period of inflation between the corners. Moreover,
as the results for potentials like (17) indicate, a local-
ized feature in the potential leads to a broader feature
in k-space. Also, any feature is smeared in l-space, since
each CMB multipole samples a range of k-values. In fact,
two corners in the potential could overlap when viewed
in l-space. If we guess that the average separation of cor-
ners is roughly Mpl (or deduce the likely separation by
studying the combinatorics of the landscape) we could
estimate the likelihood that the spectrum contains over-
lapping corners, as a function of r.
A different scenario, assisted inflation [8] relies on
many fields rolling simultaneously, which cooperate to
produce inflation. In the stringy landscape, we could
imagine starting many fields with the same initial value
and letting them roll toward the center of the hypercube
defined where all fields are sub-Planckian. There are two
reasons why assisted inflation is unlikely to be realized
within the stringy landscape. Cross-couplings between
the fields tend to undermine assisted inflation [9], and
while all the fields in the string landscape need not cou-
ple at tree level, we do expect each field to be coupled to
some of the others. Secondly, assisted inflation requires
a large number of fields to be prepared in roughly the
same initial state, effectively reducing the dimensionality
of the landscape. In the case of folded inflation, we have
proposed the existence of a special path, but the usual
objection to doing so is undermined by the combinatorics
of a multidimensional potential. Reducing the effective
dimensionality of the landscape undercuts the strength of
these combinatorial arguments, making it unlikely that
assisted inflation can be set up in this context. However,
assisted inflation often possesses a formal attractor solu-
tion [18], so it can be written in terms of an effective field
theory where only one field is evolving , suggesting that
the inequality in (16) is saturated, providing a different
mechanism by which multi-field models can evade Lyth’s
constraint on the tensor amplitude.
IV. SUMMARY AND FUTURE DIRECTIONS
The above qualitative analysis strongly suggests that
if a) the inflationary potential is embedded within the
stringy landscape or any other theory that contains su-
pergravity, and b) the tensor to scalar ratio in the CMB,
r∼>0.08, then the scalar spectrum is likely to exhibit non-
trivial scale dependence. This is effectively the multi-field
generalization of Lyth’s argument that r is low if inflation
is driven by a single field.
Conversely, we do not need r to be large in order to
observe a non-trivial dnR
d lnk
. For instance [19] describes a
model with significant scale invariance, associated with a
multi-component field moving in the string moduli space,
but at an energy scale low enough to ensure that there is
no observable tensor contribution to the CMB. This is a
quantitative analysis of a particular potential and trajec-
tory that realizes folded inflation. Several other inflation-
ary models previously discussed in the literature can be
interpreted as folded models [20, 21, 22]. Burgess et al.
[23] examine realistic inflationary models motivated by
4the KKLMT proposal [24], finding a possible tensor sig-
nal and models with a running index. This calculation
applies to a specific model, but its conclusions overlap
with those obtained on much more general grounds here.
Even if the inflationary trajectory does contain cor-
ners, there is no guarantee that this will have an observ-
able impact on the spectrum. Inflation can last until the
density is well below the GUT scale, so that the region of
the spectrum corresponding to the corners in the trajec-
tory lies far outside the present horizon. Secondly, while
I argued that a generic corner will result in a non-trivial
dnR
d ln k
, this outcome is not guaranteed. Furthermore, if
corners produce localized features analogous to those as-
sociated with potentials like equation (17), the resulting
spectrum will not have a “constant” running. In future
work, I plan to examine the possible types of corners that
could arise in an arbitrary multi-dimensional potential,
using a multi-fiield generalization of Monte Carlo recon-
struction [25]. Likewise, progress in understanding string
phenomenology will give a better understanding of how
many folded trajectories exist within the landscape.
Since the stringy landscape can easily support many
possible inflationary trajectories, there is almost in-
evitably an anthropic element to this discussion. How-
ever, by requiring the phenomenological parameters that
describe our universe – both at the astrophysical and pat-
icle levels – be mutually consistent, it may still be possi-
ble to make qualitative predictions based on the overall
properties of the landscape. For example, Arkani-Hamed
and Dimopoulos [26] recently used landscape based ar-
guments to identify particles physics signals correlated
with the absence of low-energy supersymmetry. It will
be interesting to examine anthropic bounds on the scale-
dependence of nR. If a large running is natural, an upper
limit on dnR
d ln k
should be saturated in our universe, using a
variant of Weinberg’s argument for a non-zero cosmolog-
ical constant [27]. Anthropic bounds on the amplitude of
the density fluctuations have been proposed [28, 29] and
generalizations of these arguments should lead to con-
straints on the scale dependence of nR.
In this paper, I have argued that when inflation occurs
at high energies, a scale dependent spectrum is a natural
result. This is in contrast to the usual theoretical prej-
udice against running in the scalar spectrum, and if this
correlation is confirmed observationally it will provide
circumstantial evidence for the existence of the stringy
landscape.
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